We investigate numerically the linear vibrations of inclined risers using the Galerkin approach. The riser is modeled as an Euler-Bernoulli beam accounting for the nonlinear midplane stretching and self-weight. After solving for the initial deflection of the riser due to selfweight, we use a Galerkin expansion employing 15 axially loaded beam mode shapes to solve the eigenvalue problem of the riser around the static equilibrium configuration. This yields the riser natural frequencies and corresponding exact mode shapes for various values of inclination angles and tension. The obtained results are validated against a boundary-layer analytical solution and are found to be in good agreement. This constitutes a basis to study the nonlinear forced vibrations of inclined risers.
INTRODUCTION
The study of vibrations of marine risers is important for gaining understanding of their behavior and avoiding their catastrophic failure by fatigue [1] . Marine risers are exposed to environmental static and dynamic loads including vortex-induced forces [2] . Therefore, studying the vibrations of riser structures is essential for examining their structural integrity under these circumstances. Determining accurately the natural frequencies and mode shapes of risers represents an essential step towards analyzing their dynamical behaviors.
Many researchers developed different approaches to study the linear vibrations of vertical marine risers since the early work of Dareing and Huang [3] who used power series expansions to find the natural frequencies and mode shapes of risers. Kirk et al. [4] employed the RayleighRitz method to compute the natural frequencies of risers. The obtained beam mode shapes are in good agreement with those of Dareing and Huang [3] . Most of the recent research that examines the linear vibration of vertical risers has focused on the mathematical aspects of the methods, such as the segmentation method [5, 6] , differential transformation methods [7, 8] , and the varational iteration method [9] . In all of the previous research, the axial stretch was neglected, which motivated Mazzilli [10] to use the method of multiple scales [11] to examine the nonlinear modes of vertical risers. More recently, Clementi et al. [11] extended the work of Mazzilli [10] to risers with non-uniform cross sections.
Inclined risers are different from vertical risers because part of the self-weight force induces a distributed load in the inclined riser that causes a bending moment and an initial static deflection. Therefore, we need first to determine their equilibrium configurations. Perturbation methods have been used to examine the linear vibrations of risers with static deflection. Kim and Triantafillou [12] used the WKB approach to develop an asymptotic solution to the linear vibration problem of a string. Pesce et al. [13] also used the WKB approach to develop a closedform solution for the mode shapes and frequencies of catenary risers. In contrast, Chatjigeorgiou [14] used the boundary-layer perturbation method to find the mode shapes and natural frequencies of marine risers with variable tension. In all of these pertubation studies, the mode shapes and natural frequencies are based on a string approximation, which can be inacurate for higher-order modes.
Patrikalakis and Kriezis [15] used finite differences with an embedding technique to solve the linearized equations of risers around their static configurations. Ming-Guang [16] examined the linear vibration problem of post-buckled marine risers. They used the Galerkin approach employing the buckling modes of the risers. On the other hand, Patel and Vaz [17] used the mode shapes of a straight beam in the Galerkin approximation to examine the linear vibration problem of deflected marine risers under current forces. Chucheepsakul et al. [18] studied the nonlinear vibrations of marine risers accounting for the effect of mid-plane stretching. They recommended the use of a shooting optimization in addition to the weighted residual method to examine the natural frequencies and extract the mode shapes of the structures.
Neglecting the variable tension term in the linear vibration problem, a number of researchers investigated the mode shapes and natural frequencies of risers. Clauss et al. [19] investigated the linear vibrations of risers during laying operations accounting for a constant mid-plane stretching. Nayfeh et al. [20] developed an exact solution to the natural frequencies and mode shapes of buckled beams accounting for mid-plane stretching. Sinir [21] extended the work of Nayfeh et al. [20] by including the effect of internal velocity.
The objective of this work is to develop an analytical-numerical approach to calculate the natural frequencies and mode shapes of inclined risers accounting for their exact static deflections under self-weight. The static profile is obtained using a boundary-layer perturbation method. Then, the dynamic problem is solved using a Galerkin discretization around the equilibrium profile. Figure 1 . Schematic of the clamped-clamped inclined riser.
PROBLEM FORMULATION
We investigate the natural frequencies and mode shapes of the inclined riser shown in figure   1 .The riser is modeled as an Euler-Bernoulli beam with linearly varying axial tension accounting for its self-weight and its mid-plane stretching. With these assumptions, the equation of motion of the riser can be written as [22] [23] [24] 
We solve equation (2) using the method of matched asymptotic expansions [11] with clampedclamped boundary conditions [25] . The static solution is exact and complete.
To derive the equation governing the dynamics of the riser structure around the equilibrium configuration, we split the solution of equation (1) Substituting equation (3) into equation (1) and using the solution of equation (2), we obtain
Next, we introduce the following dimensionless variables:
where the variables with a "hat" are dimensional and the variables without the "hat" are dimensionless. Substituting equation (5) into equation (4) 
We note that equation (6) contains quadratic and cubic nonlinearities, which arise due to the midplane stretching of the riser.
To determine the natural frequencies and mode shapes of the riser, we drop the forcing, damping, and nonlinearities from equation (6) and obtain
We consider the case in which the axial applied tension is much greater than the weight (i.e., T   ) and the internal velocity is in the subcritical range. In the analysis, we denote the static mid-plane stretching in equation (8) 
Next, we seek a solution of equation (8) in the form
where  is the dimensionless natural frequency and  is the corresponding mode shape.
Substituting equation (10) into equation (8) yields Due to the limitation imposed by using the boundary layer perturbation method to obtain the analytical static solution of the inclined riser, the boundary condition considered in this analysis is restricted to study clamped-clamped ends. Future research can be directed towards studying other boundary conditions.
METHOD OF SOLUTION
The integro-differential equation (11a) and associated boundary conditions, equation (12) , constitute an eigenvalue problem for the natural frequencies and associated mode shapes of inclined risers under static deformation. In the absence of an exact solution to this problem, one turns to approximate methods. One possible method is finite differences. However, the variable axial tension governed by  destabilizes the numerical scheme [27] . Another possible method is the method of matched asymptotic expansions [14] . However, the lack of bending in the perturbation solution makes the mode-shape solution insufficient and incomplete. Therefore, we use the Galerkin approximation and seek an expansion in the form 
Equation (15) 
NUMERICAL RESULTS
We present the frequencies of the riser whose properties are listed in Table 1 for various depths and internal inclination angles. We neglect the effect of the internal velocity by setting 0   . 
Validation Results
We use the boundary-layer static solution of equation (2) [25] to validate the proposed Galerkin approximation utilizing five basis functions. The riser static profiles shown in figure 2 are obtained for a large value of the nonlinear mid-plane stretching for various inclination angles and tensions. In all of the configurations, a good agreement is obtained between the perturbation solution [25] and the five-mode Galerkin approximation. The effect of the riser configuration angle on the natural frequencies of the structure can be observed from Tables 2a, 2b , 2c, 2d, and 2e. At lower angles, the riser's weight produces a large static deflection, which in turn results in a higher frequency range. In addition, we observe the possibility of internal resonances for some deflections due to commensurability of the natural frequencies. The interaction between the different modes with commensurable or near commensurable frequencies is expected to lead to complex dynamics [30] [31] [32] . The extent of this coupling depends on the values of the mid-plane stretching s  , the applied tension T , the apparent weight , which are reflected in the value of r T , and the static deflection of the riser.
Natural Frequencies of the Inclined Riser
We also note that lowering the depth below 50 m for higher inclination angles makes  small enough so that the internal velocity cannot be neglected. m case. These results agree qualitatively with the previously published work in [26] .
We further examine the natural frequencies by plotting in figure 4 variation of the first and second natural frequencies with the applied tension for different inclination angles θ and a depth of 150 m. We observe from figures 4a and 4b that an increase in the inclination angle results in a decrease in the characteristic length of the riser, which decreases the frequency ranges. In addition, we observe from figure 4a that the first natural frequency decreases slightly and then increases with increasing applied tension. This is mainly due to the interaction between the axial stretch and the applied tension and the static deflection. The natural frequency of the inclined riser is not only affected by the effective tension, but also by the static deflection of the riser. Increasing the applied tension decreases the maximum static deflection, thus, it will contribute by softening the structure and decreasing the natural frequency. Increasing the applied tension further reduces the riser's deflection and the riser becomes near straight, in which case the stiffness of the structure increases and the frequency increases. This effect becomes less dominant in higher order modes as appears clearly in figure 4b since the second natural frequency tends to increase in all of the cases. The behavior observed in the second natural frequency occurs for all of the higher-order modes. Next, we examine the results at an inclination angle of θ=72 o and a depth of 150m. We observe from figure 5a that the range of the lowest five natural frequencies of the riser is very narrow at the lower applied tension range (i.e., 200-500). We observe from figure 5b that as the applied tension increases, the effect of the static deflection becomes negligible and the inclined riser has characteristics similar to those of tension-dominated vertical risers. Then, the frequency ratio of the second mode to the first mode tends to integers, which might result in internal resonances and hence complex dynamics [30] [31] [32] . These results confirm the result depicted previously in figure 4 . (b)
One can note from the previous results that this riser behaves similarly to shallow arches. Low values of tensile forces decreases the curvature (the static deformation) of the riser; and hence decreases its stiffness. This effect overcomes the other opposite effect from tension, which tends to increase the stiffness (as in strings and vertical straight beams). For higher values of tensile forces, as the curved riser gets closer to a straight shape, the effect of reduction in the curvature and static deformation becomes increasingly less until completely disappearing (when the riser becomes straight). Hence after that, tension will lead to an increase in the stiffness, and hence the natural frequencies of the riser. Another point is worth to be mentioned is regarding the convergence of all the natural frequencies such that their ratios are integer numbers. This is expected since the riser becomes dominated by tension, and hence, the natural frequencies become similar to those of a string.
Mode Shapes of the Inclined Riser
The lowest three mode shapes of the riser are plotted in figure 6 for an inclination angle 
Riser Length

SUMMARY AND CONCLUSION
The Galerkin approach is used to extract the mode shapes and natural frequencies of Convergence of the lowest three natural frequencies of the inclined riser using the mode shapes of equation (A.5) in equation (15) is shown in figure A.1.
For higher-order mode shapes, the limited computer word length becomes insufficient to capture the oscillation characteristics of the mode shapes (i.e., the trigonometric terms).
Therefore, we use 50 working precision in Mathematica [29] with the advantage of utilizing parallel computing to improve the computation time. 
